In this paper, we investigate the localization of a five-dimensional vector field on a pure geometrical thick brane. In previous work, it was shown that a free massless vector field cannot be localized on such thick brane. Hence we introduce the interaction between the vector field and the background scalar field. Two types of couplings are constructed as examples. We get a typical volcano potential for the first type of coupling and a finite square-well-like potential for the second one. Both of the two types of couplings ensure that the vector zero mode can be localized on the pure geometrical thick brane under some conditions. PACS numbers: 04.50.-h, 11.27.+d In the last two decades, the theory of higherdimensional spacetime has provided a new insight for solving some relevant physics problems (e.g., the gauge hierarchy problem, dark matter, and the cosmological constant problem) [1] [2] [3] [4] [5] [6] . The most famous model is the Randall-Sundrum (RS) brane scenario [2] . However, in the original RS model, the brane is very ideal because its thickness is neglected. In later work, by considering the minimum length scale of a brane, more natural thick branes generated by one or more background scalar fields have been investigated [7] [8] [9] [10] [11] [12] . In the brane world scenario, it is assumed that gravity is free to propagate in the bulk and the zero modes of all matter fields (electromagnetic, Yang-Mills, fermions etc.) are confined to the 3-brane for the purpose of matching with the present gravitational and particle experiments. The assumption leads to an important question that how to realize the localization of various bulk fields on a brane. It is well known that a free massless scalar field can be localized on the Randall-Sundrum (RS) brane or its generalized branes [13] [14] [15] [16] [17] [18] . For a fermion field, without introducing the scalar-fermion coupling [19] [20] [21] [22] [23] [24] [25] [26] [27] 
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where M W 5 is a five-dimensional Weyl-integrable spacetime which is specified by the pair (g MN , ω) with a fivedimensional metric g MN and a Weyl scalar ω. The parameterξ is a coupling constant, and U (ω) is a selfinteraction potential of ω. In the Weyl frame, the affine connections Γ P MN are defined as
with { P MN } the Christoffel symbols. The Weyl rescaling
will break the invariance of the action (1), where Ω 2 is a smooth function of ω on M W 5 . In order to keep the invariance of the Weyl action, we set
with λ a constant parameter.
In this paper, we consider the five-dimensional flat brane solution in the pure geometrical Weyl gravity (1) . The metric that respects four-dimensional Poincaré invariance is
where e 2A(y) is the warp factor, and y stands for the extra coordinate.
By making the conformal transformationĝ MN = e ω g MN , the Weyl affine connection becomes the Christoffel symbol, and the Weyl Ricci tensor turns into the Riemannian Ricci tensor [23] . Thus the Weyl frame (1) can be mapped into a Riemannian form, where fivedimensional gravity is coupled to a scalar field with a self-interaction potentialÛ (ω) = e −ω U (ω):
where ξ =ξ − 1. It should be noted that the hatted magnitudes and operators refer to the Riemann frame. After the conformal transformation, the line element in the Riemann frame reads
where 2σ = 2A + ω. In the case of Z 2 -symmetric thick brane with infinite extra dimension (−∞ < y < +∞), the solutions for the warp factor and the scalar field read [23] 
where the parameters a and b are given by
and λ and k satisfy the following constraints:
Therefore, the parameter b is negative, and the warp factor is concentrated near the origin y = 0. In Ref. [14] , the authors investigated the localization of a free massless vector field on the pure geometrical brane. The action for such vector field is given by [14] 
where
is the field strength for the vector field A M . For convenience, one changes the metric (6) into a conformal from:
The relation between the new coordinate z and the physical one y is dz = e −A(y) dy. For the above brane configuration, the zero mode ρ 0 in the conformal flat coordinates defined in (13) was obtained [14] :
where the parameter has been set to k = −5/3. Unfortunately, the integration related to the vector zero mode in the KK reduction is not convergent, which means that the vector zero mode (14) is non-normalized. This results in that the vector zero mode cannot be localized on the thick brane, just as the RS brane case. In order to obtain a localized vector zero mode, we introduce the interaction between the vector field and
where G(ω) is a function of the background scalar field ω. Considering the background geometry (13), the equations of motion read as
According to Ref. [14] , we suppose that the A M satisfy the Z 2 symmetry with respect to the extra dimension z, which requires that A 4 has no zero mode in the effective four-dimensional theory. Moreover, for being consistent with the gauge invariant ( dzA 4 = 0), we set A 4 = 0 by using the gauge freedom. Under the KK decomposition of the vector field
and the orthonormality conditions
the action (15) can be reduced into an effective fourdimensional form:
where f
µ is the four-dimensional field strength, and m n is the mass of the n-th vector KK mode.
It can be shown that the extra dimensional partρ n (z) satisfies the following differential equation
For convenience, we rewrite G(ω) as G(ω) = e g(ω) with g(ω) a function of ω. By defining ρ n = e B/2ρ n with B = A + g(ω), Eq. (21) can be rewritten as the following Schrödinger-like equation:
where the effective potential V (z) reads
In fact, the Schrödinger-like equation (22) can also be written as
with the Hamiltonian operator given by
As the operator H is positive definite, there are no tachyonic vector modes with negative m 2 n . For the zero mode ρ 0 , it can be solved from the Schrödinger-like equation (22) by setting m 2 = 0:
where c 0 is the normalization constant. We know from Eq. (19) that, in order to obtain the effective action of the four-dimensional massless vector field a (0) µ , the zero mode needs to satisfy the following normalization condition:
which can be transformed into the physical coordinate:
Now it is clear that without the non-minimal coupling function G(ω) = g(ω), the vector zero mode cannot be localized on the pure geometrical brane [14] . In order to obtain the normalized zero mode, we need to choose the specific expression of g(ω). In the following, we will introduce a simple expression g(ω) = τ ω and then put forward a specific form g(ω) = θe 
It has an asymptotic behavior that V (z → ±∞) → 0 and
. The effective potential in this case is a typical volcano potential [40, 41] . It means that the effective potential provides a continuum gapless mass spectrum of the vector KK modes with positive m 2 n > 0. The expression of the zero mode ρ 0 (z) is ρ 0 = c 0 1 + 3λz
The normalization condition (27) requires
With the above condition, the integration in (27) is convergent for infinite extra dimension. The normalization constant is given by Figure 1 shows the shapes of the effective potential V (z) and the vector zero mode ρ 0 (z) with a set of parameters k = −5/3, λ = 1/3, and τ = −1. Figure 2 shows the effect of the parameters τ and λ on the vector zero mode. It can be seen that, with the increase of |τ | or λ, the vector zero mode becomes higher but thinner and hence it is localized at a narrower region around the origin of the extra dimension z = 0. Case II: g(ω) = θe (23) is now given by
which has the asymptotic behavior of a finite square-welllike potential:
2 . It means that the effective potential provides a mass gap to separate the zero mode from the KK modes. The expression of the zero mode ρ 0 (z) in this case reads
The integration in (27) is convergent for infinite extra dimension if
and the normalization constant is
The shapes of the effective potential V (z) and the zero mode ρ 0 (z) are shown in Fig. 3 with the parameters k = −5/3, λ = 1/3, and θ = −1. Figure 4 gives a detailed description that the effect of the parameters θ and λ on the vector zero mode. The vector zero mode has the similar phenomenon as case I that it becomes higher but thinner and is localized at a narrower region around z = 0 with the increase of |θ| or λ. To summarize, we have investigated the localization of a bulk vector field on a pure geometrical flat thick brane. The interaction between the bulk vector field and the background scalar field, i.e., − 1 4 e g(ω) F MN F MN , was introduced. We gave two forms of g(ω) to ensure that the zero mode of the vector field can be localized on the thick brane. For the first case g(ω) = τ ω, we obtained a typical volcano potential. The localization conditoin is turned out to be τ < 0. The vector zero mode will be localized at a narrower region around z = 0 with the increase of the coupling parameter |τ | or the model parameter λ. The effective potential for the second coupling function, i.e., g(ω) = θe can also make the vector zero mode close to a narrower region.
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